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Shadow vertex rule
Linear program (P,c): how to choose next ver-
tex in simplex method?
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Shadow vertex: for ω, project in plane (c,ω),
take the neighbor with the best slope:

Aω(v) = argmax
{
⟨ω,u− v⟩
⟨c,u− v⟩

;
u improving
neighbor of v

}

Pivot (rule) polytope
Coherent arborescence: monotone arbores-
cence arising from shadow vertex rule
Pivot rule fan: ω ∼ ω′ iff same arborescence
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Pivot rule polytope Πc(P): dual to pivot rule fan

Vert
(
Πc(P)

)
←→ c-coherent arborescences

Resemble Billera–Sturmfels’ fiber polytopes

Loday Asson

Loday associahedron

Asson =
∑
i <j

conv{ek ; i ≤ k ≤ j}

Vert
(
Asson)←→ non-crossing partitions

←→ binary trees,...

Pivot polytopes of ∆n, Cuben, . . .
THM. [BLLS23] & [BS24] for (almost) all c,

Πc(∆n+1) ≃ Asson
Πc(Cuben) ≃ Permuton

Πc([0,1]×∆n+1) ≃ Multiplihedronn
CONJ. [PS23] for (almost) all c,

Πc(∆m+1×∆n+1) ≃ Constrainahedronm,n

Why!?

Slope map

For ω ∈Rd , slope at vertex v is τω(v) = max
{
⟨ω,u−v⟩
⟨c,u−v⟩ ;

u improving
neighbor of v

}
Slope map θ :Rd →Rn−1, with θ(ω) =

(
τω(v1), τω(v2), . . . , τω(vn−1)

)
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LEM. G(P) complete⇒ Aω determined by order of coordinates of θ(ω)

THM. θ is a piecewise linear iso. from pivot fan (∆n+1, c) to n. fan Asson

Braid fan
Braid fan: hyperplane arrangement {x ; xi = xj }
Coarsening: choose maximal cones and merge
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Shuffle
[CP24] For P ⊆Rm, Q ⊆Rn deformed permutahedra, their shuffle is:

P ⋆Q = (P×Q) +
∑

i∈[m], j∈[n]

[
ei , em+j

]
⊆Rm+n

Pivot polytopes of product of simplices

For P = P1 × · · · ×Pr with slope maps θ1, . . . ,θr the product slope map is Θ :Rd →Rn−1, with Θ(ω1, . . . ,ωr) =
(
θ1(ω1), . . . ,θr(ωr)

)
THM.Θ is a piecewise linear map from pivot fan of (∆d1+1×· · ·×∆dr+1, c) to normal fan Assod1

⋆ · · ·⋆Assodr .
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