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Shadow vertex rule
Linear program (P,c): how to choose next ver-
tex in simplex method?
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Shadow vertex: for ω, project in plane (c,ω),
take the neighbor with the best slope:

Aω(v) = argmax
{
⟨ω,u − v⟩
⟨c,u − v⟩

;
u improving
neighbor of v

}

Pivot rule polytope
Coherent arborescence: monotone arbores-
cence arising from shadow vertex rule
Pivot rule fan: ω ∼ ω′ iff same arborescence
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Pivot rule polytope Πc(P): dual to pivot rule fan

Vert
(
Πc(P)

)
←→ c-coherent arborescences

Resemble Billera–Sturmfels’ fiber polytopes

Pivot rule polytope of ∆n

THM. [BLLS23+] for all c, Πc(∆n) ≃ Asson−2

Vert
(
Πc(∆n)

)
= non-crossing arbor. (Catalan)

Projections of associahedra
Projection of polytope P

π−→Q
If Graph(Q) = Graph(P), then Πc(Q) = π
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d = 3

n = 8

Cyclic poly. Cycd(t) = conv
{
(ti , t

2
i , . . . , t

d
i )
}
1<i<n

CORO. for d ≥ 4, as Graph(Cycd(t)) complete,
then Πc(Cycd(t)) = projection of Asson−1

Degrees of non-crossing arborescences
A is captured by P on t: best slopes between (ti , P (ti)) are edges of A

⇔ vertex of Πe1
(Cycd(t))
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Degree µ(A,t) = min{d : A captured by P ∈Rd[X] on t}
Intrinsic degree µ(A) = mint µ(A,t)

Immediate leaves L(A): i leaf with A(i) = i+1 (above), interior if , 1,n−1

THM. µ(A) = |L(A)| + |Linterior(A)| + 1
2 arborescences with µ(A) = 2 ; 2n−2 +n− 5 arborescences with µ(A) = 3

Realization sets and universal arborescences
Realization set T ◦d (A) = {t : A captured by P ∈Rd[X] on t}
Universal: T ◦µ(A)(A) = {t1 < · · · < tn}, i.e. if possible then everyone possible
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(2,3,8) is forward
(7,8,9) is not forward
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(5,6,7) is backward
(3,7,8) is not backward

Complete symmetric homogeneous poly. hℓ(X,Y ,Z) =
∑

p+q+s=ℓX
pY qZs

P
f
d (A,t) = conv

{(
hℓ(ti , tj , tk)

)
ℓ≤d−2

}
fwd

; Pbd (A,t) = conv
{(
hℓ(ta, tb, tc)

)
ℓ≤d−2

}
bwd

THM. t ∈ T ◦d (A) iff Pfd (A,t)∩ Pbd (A,t) = ∅.
Full study for d = 3, i.e. 2-dimensional case, but not Πe1

(Cyc3(t))
T ◦3 (A) are (open) polyhedral cones (we have facet description)

THM. For almost all t,
∣∣∣{A : t ∈ T ◦3 (A)}

∣∣∣ =
(n

2
)
− 1 (indep. t)

Subdivision of the order cone
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t3 + t4 + t5 = t2 + t5 + t6

t3 + t4 + t5 = t1 + t5 + t6

t2 + t4 + t5 = t1 + t5 + t6

t2 + t3 + t4 = t1 + t5 + t6

t2 + t3 + t4 = t1 + t4 + t5

For n = 6, there are 12 different Πe1(Cyc3(t))

Green node: µ(A) = 2

Blue nodes: µ(A) = 3 universal

Others switch label along graph edges


