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Attention 1.0.1 Recall that:
R? is a vector space of finite dimension d. Usually, the vectors are denoted in bold v € R?. The canonical basis of R¢
is denoted ey, ...,eq4, and for X C [n] we write ex := ZieX e;. The space R? is endowed with a scalar product denoted

(u,v) = 25:1 u;v; € R for w,v € RY. In reality, almost all we do (especially the computations) will be done in Q¢ or even Z<,
but we still use R? in definitions and theorems.

Notation 1.0.2 We use the word “vector” when we think about a linear problem, “point” when we think about affine geometry,
“direction” when we think about a vector in the dual.
We denote [n] = {1,2,...,n}.

Attention 1.0.3 The aim of the exercise is to understand the notions at stake. None of them will be graded (except if we
need to for administrative reasons). If you manage to do an exercise without making a nice drawing, then you should re-do it!
More generally, this course contains very few drawings, the aim being that you (i.e. the reader, the learner) make your own
drawings.

Most of the proofs of the theorem claimed will be done in exercises.

World | Tools \ Notion
topology homology & triangulation | simplicial complexes
alignements point & lines matroids
orientations chirotope oriented matroids
(geo)metry scalar product Euclidian spaces
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Section 1.1

Basic notions of matroids

* Exercise 1.1.1
How many “ways” are there to put 4 points in the plane? To put 5 points?

Definition 1.1.2
A vector configuration V = (vy,...,v,) is a collection of vectors in RY.
A point configuration A = (ay,...,a,) is a collection of points in R%.

Definition 1.1.3 — [Vector configuration, point configuration, independent vectors/points]
For a vector configuration V', a subset S C [n] is independent if dim Span(v; ; i € S) =|S|+1 (i.e. the vectors (v; ; i € S)
are linearly independent). Otherwise, S is dependent.

For a point configuration A, the same definition hold with the affine dimension (instead of linear).

* Exercise 1.1.4
Draw a regular octahedron, and consider the point configuration A formed by its vertices.
How many points are there? What is the f-vector of the simplicial complex supported on this point configuration?
How many independent sets are there?
If S is independent, and S’ C S, is S’ independent?
What is the possibile size of a inclusion-wise maximal independent set?
How many maximal independent sets are there?
If S, 8" are independent, with |S| < |S’|, show that there exists z € S’ . S such that S U {x} is independent.

Definition 1.1.5 — [Exchange axiom, Independent system]
A collection of subsets T € 2! satisfies the exchange axiom if:

for all S, S’ € Z, if |S| < |S’|, then there exists x € S’ \. S such that SU {z} € T

A non-empty simplicial complex satisfying the exchange axiom is called an independence system.

* Exercise 1.1.6
Write clearly the 3 axioms of independent systems.

* Exercise 1.1.7
Show that the r-skeleton of an independence system is an independence system, for any r > 0.

* Exercise 1.1.8
Show that Z is an independence system if and only if it is a non-empty simplicial complex such that for every X C [n], the
restriction Z|x ={S €Z; S C X} is a pure simplicial complex.

Show that Z is an independence system if and only if it is a non-empty pure simplicial complex such that for every
permutation o of [n], the lexicographic order (on facets) is a shelling of o(Z) = {o(S) ; S € Z}.

Use one of these characterisation to prove that the simplicial complex on [4] with facets {124, 235,245} is not an independence
system.

* Exercise 1.1.9 — [Independence of vectors/points]
Show that the collection Z of independent subsets of a point or vector configuration is an independence system.

* Exercise 1.1.10 — [Independence of sub-forests]

Let G be a graph. Show that the collection Z of all its sub-forests (here “sub” means subset of edges of G) forms an independence
system.

* Exercise 1.1.11 — [Transversal]
Let G be a bipartite graph on [n]U F. Let Z = ([n] N M ; M matching in G). Show that Z is an independence system.

* Exercise 1.1.12 — [Algebraic independence]
Let V ={f1,..., fn} € F(X1,...,X,) be a collection of rational functions in n variables. Let Z be the collection of subsets S
for which (f; ; ¢ € S) are algebraically independent over F. Show that Z is a independence system.

Example: V = (z,7y,y,y° — 1, b 22 +2) CF(z,y,2)

Definition 1.1.13 — [Linear, affine, graphical, tranversal and algebraic independence systems]

Let T € 2I"] be an independence system.

If there exists a vector configuration V- = (v1,...,v,) such that S € Z if and only if (v; ; i € S) is linearly independent,
then T is called a linear independence system.

If there exists a point configuration A = (a1, ...,a,) such that S € T if and only if (a; ; i € S) is affinely independent,
then 7 is called a affine independence system.
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If there exists a graph G on n edges such that S € T if and only if the sub-graph G[S] is a forest, then T is called a graphical
independence system.

If there exists a bipartite graph G on [n] U F such that S € T if and only if there exists a matching in G whose endpoints
in [n] is S, then T is called a transversal independence system.

If there exists a collection of elements V = (f1,..., fn) in a extension fiels of F such that S € T if and only if (f; ; i € S)
is algebraically independent, then 7 is called a algebraic independence system.

* Exercise 1.1.14 — [Homogenization]
The homogenization of a point configuration A is the vector configuration ((CIL) ;a € A). The de-homogenization is defined

accordingly.
Show that every linear independence system is also an affine independence system, and reciprocally.

‘ Definition 1.1.15 — [Basis]
A basis of a independence system Z is an inclusion-wise maximal subset B € T.

| Theorem 1.1.16 All bases of a independence system Z have the same cardinality.

* Exercise 1.1.17
Prove this theorem (using the exchance axiom).

* Exercise 1.1.18
Prove that B is the collection of bases of an independence system if and only if the following two axioms hold:
Bl. B#

B2. For all B,B’ € B and x € B \ B’ there exists y € B’ \ B such that (B ~ {z})U{y} € B.

Definition 1.1.19 — [System of bases]
A collection of subsets B € 2" satisfying the above (B1) and (B2) is called a system of bases.

* Exercise 1.1.20
Show that the bases of a independence system are its facets.

1.1.21 There is a natural bijection between independence systems and systems of bases given by the
map T — {B € T ; |B| =maxgez |5}

* Exercise 1.1.22
Write the reciprocal bijection.

* Exercise 1.1.23

What are the bases of a linear/affine independence system?

What are the bases of a graphical independence system?

What are the bases of a transversal independence system?

What are the bases of a algebraic independence system (called transcendance bases)?

Definition 1.1.24 — [Dependence axiom, Vectorial system]|
A collection of subsets D € 2" satifies the dependence axiom if

For all D # D" € D, either DND' € Dor for alle e DND', (DUD')\ {e} € D.

A (possibly empty) set system which is closed by taking upper-sets and satisfies the dependence axiom is called a
vectorial system, and its elements are called vectors (sorry for the notation, it will be confusing with “vectors” of a vector
configuration...). The inclusion-wise minimal elements of a dependence system are called its circuits.

* Exercise 1.1.25
Show that C is the collection of circuits of a dependence system if and only if it satisfies:

Cl.o¢cC
C2. C,C" € C and C C C' implies C = '
C3. (Circuit elimination) for all C,C’ € C with C' # C’, and all e € C' N C’, there exists C € C satisfying C C (CUC’) \ {e}

Definition 1.1.26 — [Circuits]
A collection of subsets C € 2" satisfying the axioms (C1), (C2) and (C3) is called a system of circuits.

* Exercise 1.1.27
Is every circuit in a system of circuits of the same size? (Hint: Take a graphical example.)
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1.1.28 There is a natural bijection between independence systems and dependence systems, given by
the map Z — {[n]\ S ; S e€T}.

* Exercise 1.1.29
Prove this bijection.

Definition 1.1.30 — [Matroid]

The previous bijection implies that there exists “natural” bijections between independence systems, dependence systems,
system of bases, and system of circuits. These bijections form the crypto-morphism of matroids.

The data of any of these set systems is called a “matroid”. To be precise, a matroid is given by a couple (E, X) where E

is the ground set (usually E = [n]), and X is a set system from which one can (uniquely) recover an independence system
(e.g. X can be an independence system, a dependence system, a system of bases, a system of circuits, a rank function, a
lattice of flats,...).

Accordingly, for a matroid M, we will speak about its independent sets Ty, its bases By, its dependent sets Dy, its
circuits Cpq, its rank function rk g, its lattice of flats Faq,...

A matroid is a linear/affine/graphical /transversal/algebraic matroid if its independence system Is.

* Exercise 1.1.31
What are the dependent sets and the circuits of a linear/affine/graphical/transversal/algebraic matroid?

* Exercise 1.1.32 — [Several octahedra]
If I say “Let M be the affine matroid obtained from the vertices of an octahedron”, is M well-defined ?
If T say “let A be the simplicial complex which is the boundary of an octahedron”, is A well-defined?

* Exercise 1.1.33 — [Connected matroids]

A matroid is connected if every two elements lie in a common circuit of M.
How many matroids are there on [3], on [4], on [5]? How many are connected?
Show that the graphical matroid of G is connected if and only if G is 2-connected.
Is the graphical matroid of a path a connected matroid?

Definition 1.1.34 — [Direct sum]

The direct sum of two matroids M; (on ground set E) and My (on ground set F) is the matroid My & Ms on the ground
set E U F' whose independence system is Ty, X Tps,-

* Exercise 1.1.35
Show that the direct sum of two matroids is a matroid.

Show that the direct sum of linear/graphical matroids is linear/graphical (exhibit an vector configuration/a graph).

Show that a direct sum of two (non-trivial) matroid is not connected. Acutally, the converse hold: connected matroids are
the one that cannot be splitted into a (non-trivial) direct sum.

Definition 1.1.36 — [Rank function, closure operator, lattice of flats]
For a matroid M on the ground set E, its rank function rk : 2¥ — N is defined on any subset X € 2F by:

tka(X) = max(|S]; S€Zm, SCX)

The rank of a matroid if tkap(E).
The closure operator cly : 2¥ — 2F is defined on any subset X € 2F by:

cdm(X) ={ec E; tkp(X U{e}) =rkm(X)}

For a matroid M on a ground set E, a subset F' C E is a flat if it is closed, i.e. if cly((F) = F. The flats are ordered
by inclusion to form the lattice of flats.

* Exercise 1.1.37

Prove that F' C F is a flat if and only if for all e ¢ F', we have rka(F U {e}) > rky(F).

* Exercise 1.1.38

What is the lattice of flats of a regular octahedron?

What is the lattice of flats of a generic octahedron (i.e. a octahedron with as many different flats as possible)?
¢ Construction 1.1.39

Just for your knowledge, one can define a matroid via its rank function, its closure operator, or its lattice of flats, that is to say

that there are a list of axioms for rank functions, a list for (matroidal) closure operator, and a list for lattice of flats:
e Axioms for rank function:

R1. 0 < rk(X) < |X|
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R2. If X CY, then rk(X) < rk(Y)
R3. (Semi-modularity) rk(X UY) + k(X NY) < 1k(X) + rk(Y)
Comment: Bijection towards independence system: rk — {S C E ; rk(S) = |S|}

e Matroidal closure operator:

CL1. X Ccl(X)

CL2. cl(cl(X)) = cl(X)

CL3. If X C Y, then cl(X) C cl(Y)

CL4. (Exchange) For all z,y € E and X C E, if y € cl(X U{z}) \ cl(X), then x € cl(AU {y}).

Comment: The three first axioms define a closure operator in general (you can check that for X C R, the map X > conv(X)
is a closure operator, for instance).

o Theorem [Birkhoft]: A partially ordered set .Z is the attice of flats of a matroid without loop nor parallel elements if and
only if it is an atomic (upper)-semimodular lattice (a.k.a. a geometric lattice).

Definition 1.1.40 — [Dual matroid]

For a matroid M, its dual matroid M* is the matroid on the same ground set as M, and whose bases are the complements
of the bases of M.

* Exercise 1.1.41
Show that M* is a matroid (i.e. show that {E ~\ B ; B € Ba} is a system of bases).

| Theorem 1.1.42 Duality is an involution on matroids, i.e. : (M*)* = M.

* Exercise 1.1.43
Prove this theorem.

* Exercise 1.1.44
Show that: rka(E) + rka-(E) = |E|
Show that for all X C E, we have rkp(X) +rkap(E) = | X| 4+ rkp(E N X).

* Exercise 1.1.45 — [Dual graphical matroid is a planar (in)variants]
Recall that, for a planar graph drawn in the plane as a plane embedding G, its plane-dual is the multi-graph obtained by setting
one vertex in each face of G, and an edge between two face of G seperated by and edge of G.
Let G be a planar (multi-)graph together with a plane embedding, and G* its plane-dual. Show that M = Mg-.
Consider the graph G on 5 vertices a, b, c,a’,b’ and 5 edges ab, bc, ac, aa’ and bb'. Find two different planar embeddings of
G whose plane-dual are not isomorphic.
Using matroid language, show that the number of loops of the plane-dual is independent of the plane embedding of G.
Imagine another non-trivial invariant.

* Exercise 1.1.46 — [Dual linear matroids]
Show that the dual matroid of a linear matroid is a linear matroid (by explicitly constructing a collection of vectors).

| (Semi-)open problem 1.1.47 Is the dual of an algebraic matroid also an algebraic matroid?
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APPENDICE 1.B
Examples, and hierarchy of representability

* Exercise 1.B.1 — [Uniform matroid]
The uniform matroid U, j of rank k is given by its system of bases ([Z]).
Write the independence system, the circuits, the lattice of flats, etc, of the uniform matroid U, .

* Exercise 1.B.2 — [Non-Pappus matroid]
Consider the Pappus point configuration given 9 points in the plane satisfying: three points A, B, C aligned; three points a, b,
c aligned; the point X is the intersection of the segments Ab and Ba; the point Y is the intersection of the segments Ac and
Ca; and the point Z is the intersection of the segments Bc and Cb.

Draw the configuration, and prove (using a clever internet search on Pappus theorem) that X, Y, Z are aligned.

Let M be the matroid on ground set (A, B,C,a,b,c, X,Y, Z) with circuits ABC, abc, AXb, AY ¢, BXa, BZc¢, CXa and
CZb (but not XY Z). Deduce that the matroid M is not linear (nor graphical, nor transversal).

* Exercise 1.B.3 — [Fano plane]
The Fano plane is the matroid F7 on 7 points obtained as follows: draw a triangle A, B, C and its 3 bissectors. These bissectors
intersect together at a point G (the center of the inscribed circle), and intersect the sides of the triangle ABC' at points D, E
and F. The circuits of matroid F7 are all the tripletsof aligned points on this figure, together with the circuit DEF.

Show that JF7 is realizable as a linear matroid over Fy using the all vectors in F3 except (0,0, 0).

Prove that F7 is not realizable over Q.

Theorem 1.B.4 For a matroid M:
Graphical = Linear = Algebraic
Transversal = Linear

* Exercise 1.B.5 — [Graphical = Linear]
Let G = (N, A) (“N” for nodes and “A” for arcs) be a graph an M(G) its associated graphical matroid. Let FY be the vector
space with canonical basis (e, ; u € N). Let V = (e, — e, ; uv € A) be a vector configuration.

Show that M(G) is the linear matroid of the vector configuration V' formed by one vector for each arc uv € A:

€y — €y

* Exercise 1.B.6 — [Transversal = Linear]
Let G = (E U F, A) be a bipartite graph, and M(G) its associated transversal matroid. For each arc ef € A, let X s be a
transcendental number on F (i.e. a symbol with no algebraic relation with coefficient in F). Let F¥ be the vector space with
canonical basis (ef ; f € F).

Show that M(G) is the linear matroid of the vector configuration V' formed by one vector for each e € E:

DD Xeey

fEF efeA

* Exercise 1.B.7 — [Linear = Algebraic]
Let V = (v1,...,v,) C F? be a vector configuration, and M (V') its associated linear matroid. In the field of rational functions
F(Xq,...,X4), define for each v; € V, a rational function f; = Z;lzl V5 Xj.

Show that M(V) is the algebraic matroid of the collection of elements V = (f1,..., fn).
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Section 1.3

Vectors vs co-vectors, orientability

We focus on linear matroids, please translate everything to graphical, transversal and algebraic matroid each time.

¢ Construction 1.3.1 — [Vectors & circuits, co-vectors & co-circuits]
Fix a vector configuration V = (vy,...,v,).

Vectors: Consider a linear relation » . ; A\;v; = 0. The set X = {i € [n] ; \; # 0} is a vector of My . Conversely, the
vectorial system of My, is the collection of all sets X, such that there exists ),y A\;v; = 0 with \; # 0 for all i € X.

Circuits: The circuits of My are its minimal vectors (i.e. the vectors X C [n] such that if Y C X is a vector, then Y = X).
Circuits correspond to minimal linear dependencies.

Co-vectors: Consider any linear hyperplane (or equivalently linear function) H, = {x € R? ; (x,c) = 0}, and let X(c) =
{i€[n]; v; € H} ={i €[n]; (vs,¢) =0}. A co-vector of the linear matroid My is a subset X C [n] such that there exists
c € R? with X = X(c¢).

Co-circuits: The co-circuits of My, are the maximal co-vectors. Co-circuits, correspond to hyperplanes spanned by the
vectors of V' (becareful, if an hyperplane H is spanned by, say, the vectors v;,,...,v;,, , then the corresponding co-circuit
consist in all the indices 7 such that v; € H, not only i1,...,i411)-

* Exercise 1.3.2
What about point configurations A = (a,...,a,) (i.e. linear — affine; linear combination — convex combination).

* Exercise 1.3.3
What are the vectors, circuits, co-vectors and co-circuits of a graphical matroid?

* Exercise 1.3.4
Show that C' is a co-circuit of M if and only if £\ C' is a flat of M*.

Definition 1.3.5 — [Sign vector]

A sign vector is vector in {—1,0,41}", usually denoted like o = (+,0,—,+,—,0).
Alternatively, we can denote a sign vector as a triplet X = (X_, X9, X;) where X, = {0; = s}.
The opposite of a sign vector is —o with (—o); = —(0;), or equivalently —X = (X1, Xo, X_).

¢ Construction 1.3.6 — [Orienting everything]
Fix a vector configuration V' = (vy,...,v,).

Oriented vectors: Consider a linear relation Y. ; A\;v; = 0. The sign vector X, = {i € [n] ; A\; > 0} and X_ = {i €
[n] ; A\i < 0} is an oriented vector for the configuration V. Conversely, the oriented vectorial system for V' is the collection of
all such possible sign vectors.

Oriented circuits: The oriented circuits for V' are its minimal oriented vectors (i.e. the oriented versions of the circuits of
My). Oriented circuits correspond to minimal linear dependencies.

Oriented co-vectors: Consider any linear (open) half-space (or equivalently linear function) H}f = {x € R? ; (x,c) > 0},
and let Xy (¢)={i€n]; v;e Hf} ={i€[n]; (v;,¢) >0}, and conversely for X_(¢) and X¢(c). An oriented co-vector for
V is a signed vector X such that there exists ¢ € R? with X = X(c).

Oriented co-circuits: The oriented co-circuits for V' are the maximal oriented co-vectors. Oriented co-circuits, correspond

to hyperplanes spanned by the vectors of V.

* Exercise 1.3.7
What about point configurations A = (a,...,a,) (i.e. linear — affine; linear combination — convex combination).

* Exercise 1.3.8 — [Oriented circuits axioms]
For a directed graph G, with associate to each undirected cycle C' with edges (ujusg, ugus, ..., u,u1), a sign vector o, called its
oriented circuit, where X1 ={i € [r]; s 2 w1 € Gland X_={i €[r]; u; < w1t and Xo={e € E; e ¢ C}.
Show that the system of oriented circuits C satisfies:

Cl.0¢cC

C2. If c € C, then —o € C

C3. If X, X’ € C with Xo C X/, then X = X" or X = —X'

C4. (Strong circuit elimination) For all X, X’ € C with X # —X’, and all e € X, N X', then there exists Y € C with

Y_C(X_UX.)~{e}and Yy = (XL UX) C~\{e}

Definition 1.3.9 — [System of oriented circuits]
A system of oriented circuits is a collection of sign vectors satisfying the above axioms (C1), (C2), (C3) and (C4).



CHAPTER 1. BASIC DEFINITIONS
1.4. BASIC NOTIONS OF ORIENTED MATROIDS

Section 1.4

Basic notions of oriented matroids

Matroid world ‘ Oriented matroid world
Graph Directed graph
Point /vector alignments Sign of determinants
Depdencies Sign vectors

Linear dependencies between numbers | Sign of the coefficients

Definition 1.4.1 — [Oriented matroid]
An oriented matroid is a couple (E, X) where E is the ground set (usually E = [n]), and X is a system of tuples of set or
a collection of sign vectors (or anything) from which a system of oriented circuit can uniquely be retrieved.

The underlying matroid of an oriented matroid M, denoted M is the matroid whose co-circuits are the 0-sets of the
oriented co-circuits of M.

An oriented matroid is a linear/affine/graphical/transversal/algebraic oriented matroid if the underlying matroid is.

* Exercise 1.4.2
Show that the circuits of the underlying matroid of a linear oriented matroid are the non-0-sets of its oriented circuits.

* Exercise 1.4.3
Construct the notion of duality for oriented matroids.
What is the dual of a grahical oriented matroid?

Definition 1.4.4 — [Chirotope]
a chirotope of rank r on a ground set E is a function x : E" — {—,0,4} satisfying the three axioms:
B1. x is not identically 0

B2. For any permutation o of E, x(4(1),-- -, %e(r)) = €(0) X(71,. .., 2,), where (o) is the signature of o

B3. For any &,y € ET7 if for all i € [T] we have X(yiax27 s 7IT) X(yla e Ui 1T Yig 1y - - 7y7') > 05 then X(m)X(y) > 0

* Exercise 1.4.5
For a vector configuration V' = (vy,...,v,) € R?, show that x(i1,...,ia+1) = signdet(v;,,...,v;,,,) is a chirotope of rank
d+1.

1.4.6 — [Lawrence ’82]
There is a bijection between systems of oriented circuits and chiroptopes.

* Exercise 1.4.7
How can the underlying matroid of M be deduced from its chiroptope?

* Exercise 1.4.8
Describe what is a graphical oriented matroid.
What is the chiroptope of a graphical oriented matroid?

Definition 1.4.9 — [Hyperplane arrangement]

An (linear) hyperplane in R? is a convex set of R? of the form H, = {x € R? ; (x,a) = 0} for some a € R<.
An affine hyperplane in R? is a convex set of R? of the form Hgp, = {x € R?; (x,a) = b} for some a € R? and b € R.
An (affine) hyperplane arrangement is a collection of finitely many (affine) hyperplanes H = (Hy, ..., Hy,).

Definition 1.4.10 — [Half-space, oriented hyperplane arrangement]
A (closed) half-space is H;b ={x € R?; (x,a) > b} for some a € R? and b € R.

An oriented hyperplane arrangement is a collection of finitely many half-spaces H = (H;",..., H;").

¢ Construction 1.4.11
Let H = (Hy,..., H,) be an hyperplane arrangement, and H = (H; ,..., H;) an oriented hyperplane arrangement.
For each vector & € RY, the corresponding co-vector is the sub-set of [n] defined as S = {i € [n] ; & € H;}; the corresponding

oriented co-vector is the sign vector (s1,...,s,) with s; = ¢ + ifxe€ H:r N H; .
— else

A tope is a oriented co-vector with no 0.

* Exercise 1.4.12 — [Braid arrangment]
The braid arrangement is the collection of hyperplanes H whose half-spaces are {x € R? ; z; < x;} for all ¢ < j.
What are the topes and the oriented co-vectors of the braid arrangement?

8
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* Exercise 1.4.13
What are the oriented circuits for a hyperplane arrangement?

Definition 1.4.14 — [Arrangement of spheres, pseudo-spheres]
A arrangement of sphere is the intersection of an (linear) arrangement of hyperplanes in R? with the unit sphere S = {x €
RO fof = 1}.

A pseudo-sphere is the image of S*~! under' an homeomorphism S¢~! — S¢. By (a nice extension of) Jordan’s theorem,
the complement of a pseudo-sphere S, namely S~ S has two connected components. An oriented pseudo-sphere is a pseudo-
sphere together with a choice of an orientation, that is to say a positive S* and a negative S™ connected component, called
the sides of the pseudo-sphere.

An arrangement of pseudo-spheres is a collection of pseud-spheres (St,...,Sy,) such that:

AS1. Every non-empty intersection of the S; is (homeomorphic to) a sphere in some dimension.

AS2. For every non-empty intersection Sp := ();c4 Si, and every j such that Sy € S;, the intersection Sy N S; is a
pseudo-sphere in S 4 with positive side Sy N S;-" and negative side Sa NS} .

Loosely speaking, it is a “wiggly” sphere of co-dimension 1, embedded onto the unit sphere.

Theorem 1.4.15 — [Falkman—Lawrence ’78, Topological representation theorem]
For all oriented matroid M, there exists an arrangement of pseudo-spheres whose oriented matroid is M. Moreover, two
arrangement of pseudo-spheres have the same oriented matroid if and only if they are equal up to homeomorphism.
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Minors, Tutte polynomial

Definition 1.5.1 — [Loop, co-loop]
For a matroid M, a loop is an element of the ground set that is not in any independent set, and a co-loop is an element of
the ground set that is a all bases.

The loops and co-loops of an oriented matroid are the loops and co-loops of its underlying matroid.

* Exercise 1.5.2
Describe the loops and co-loops of linear/affine/graphical /transversal/algebraic matroid.

* Exercise 1.5.3
Describe the loops and co-loops of an arrangement of hyperplanes/of pseudo-spheres.

Definition 1.5.4 — [Deletion, Contraction, Minors]
Let M be a matroid on the ground set F.

For e € FE (usually not a co-loop), the deletion is defined as the matroid M \ e on the ground set E ~\ {e} whose
independence system is Ty :={S; S € Iy ife ¢ S}.

For e € E (usually not a loop), the contraction is defined as the matroid M /e on the ground set E ~ {e} whose
independence system is Zyq/. = {S ~ {e} ; S € T}

A matroid N is a minor of a matroid M if N can be obtained from M by performing a sequence of deletion and
contractions.

* Exercise 1.5.5
Prove that deletion and contraction of matroids yield matroids.

* Exercise 1.5.6
What are the bases of the deletion and contraction of a matroid.

* Exercise 1.5.7
Describe deletion and contractions of linear/affine/graphical /transversal/algebraic matroid.

* Exercise 1.5.8 — [Minors of oriented matroids]
Describe the notions of deletion and contraction for oriented matroids.
What does it do in an arrangement of hyperplanes/of pseudo-spheres?

* Exercise 1.5.9 — [Graphical arrangement]
For a graph G (undirected, without loops nor bridges) on vertex set V, the corresponding graphical arrangement is the (linear)
hyperplane arrangement H¢ formed by the hyperplanes H,, = {x € RV ; z, = x,} for each edge uv of the graph G.

The braid arrangement is the graphical arrangement of a graph: which graph?

Show that the topes of the graphical arrangement correspond to the the acyclic orientations of G.

Show that the circuits of the graphical arrangement correspond to strong orientations of G. Deduce Robbins theorem: an
undirected graph admits a strong orientation if and only if it is 2-connected and loop-less.

Definition 1.5.10 — [Acyclic orientation)]
An acyclic orientation of a matroid M is an orientation matroid M such that M = M and the all-positive sign vector
(+,+,...,4) Iis a tope of M.

One aim of the Tutte polynomial is to count the number of acyclic orientations of a matroid. In the meanwhile, we will
recover a notion that is stronger than the f-vector (actually f-polynomial) of a simplicial complex, but has the same flavor.

Definition 1.5.11 — [Tutte polynomial]
For a matroid or an oriented matroid M on the ground set E, the following polynomial is called the Tutte polynomial
(a.k.a. Whitney corank-nullity polynomial, historically Crapo’s polynomial):

Tz +1,y+1) = Z grEm(B) =tk (A) o [Al=rka(4)
ACE

Theorem 1.5.12 The Tutte polynomial T'n, of a matroid M on the ground set E satisfies:
T1. Ife € E is neither a loop nor a co-loop, then: T (z,y) = Trme(®,y) + Tagje(2,y).
T2. If e € E loop, then: Ta(z,y) = 2Tre(z,y); if e € E a co-loop: Ta(x,y) = yTae(z,y).

x if e is a coloop

T3. If E= {e}, then T = { y ifeisaloop

10
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T5. Tayoms (2, y) = T, (2, y) - Tans (2, y)
Furthermore, T is characterized by the properties (T1), (T2) and (T3); or by (T1), (T3) and (T5).

* Exercise 1.5.13
Prove the above theorem.

Definition 1.5.14 — [Contraction-deletion invariants]
Two matroids M (on ground set E) and N (on ground set F) if there exists a bijection ¢ : E — F such that Ty =
{o(@); z€S}; Selm}.

An invariant ¥ on matroids is a map from the set of all matroids towards, say, a commutative ring R, such that two
isomorphic matroids get the same image by W.

An invariant is a contraction-deletion invariant if there exists a,b,c,d € R such that the following hold:

o U(M; dMy)=T(My)T(My)
e Ife is neither a loop nor a co-loop, then U(M) = a¥(M \ e) + b¥(M/e)

¢ if e is a coloop
d ife is a loop

o If E = {e}, then ¥(M) = {

Theorem 1.5.15 — [Contraction-deletion invariants “are” Tutte polynomials]
The invariant ¥ is a constraction-deletion invariant if and only if:

B(M) = alBl=re(®) e (B) 7y (Z d)
a

* Exercise 1.5.16

Show that Ta(1,1) is the number of bases of M.

Show that Th(2,2) = EIFl where E is the ground set of M.

Show that TA((2,1) is the number of independent sets of M.

Show that T'x(1,2) is the number ofsets which contains a basis of M.

* Exercise 1.5.17 — [Chromatic polynomial of a graph]
For a graph G on vertex set V', a k-coloring is a function ¢ : V' — [k] such that c(u) # c¢(v) if wv is an edge of G. The
chromatique polynomial xg of G is given by x¢ (k) = number of k-coloring of G.
Show that G — x¢ is a contraction-deletion invariant of graphical matroids, and deduce that (with ¢(G) is the number of
connected components of G):
xa(k) = (=)= ADRAD Ty (1~ k, 0)

* Exercise 1.5.18 — [Flow polynomial]
A nowhere-zero k-flow on an oriented graph G is a map f : E — [k — 1] such that for each vertex v of G, Y, ., f(u —v) =
Y v f(0 = w) (modk). The flow polynomial C¢ of G is given by Cq(k) = number of nowhere-zero k-flows of G.
Show that G — Cg is a contraction-deletion invariant of graphical matroids, and deduce that (with ¢(G) is the number of
connected components of G):
Calk) = (~)IEIEH@TL (0,1 k)

* Exercise 1.5.19 — [Acyclic orientations]
A k-weak topological order' on a graph G is an acyclic orientation O of G together with a map o : V' — [k] which is compatible
with O (i.e. if u = v € O, then o(u) < o(v)). The Stanley polynomial Y of a graph G is given by Y = number of k-weak
topological order of G.

Show that G — X is a contraction-deletion invariant of graphical matroids, and deduce that (with ¢(G) is the number of
connected components of G):

xa(k) = (=)"xa(=k) = (=) DEAD T (1 4k, 0)

Conclude that the number of acyclic orientations of G is given by (up to sign) xg(—1).
* Exercise 1.5.20
Conclude your understanding of the Tutte polynomial by agreeing with the following sentences:

“The number of topes of an hyperplane arrangement is given by the evaluation of its Tutte polynomial at (2,0).”
“The number of acyclic (re)orientation of a (oriented) matroid is given by the evaluation of its Tutte polynomial at (2,0).”

LA topological order on a directed graph D is a map o : V — [|V|] such that if  — v in D, then o(u) < o(v).

11
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Section 1.6

To go further beyond

Have a look at (the Wikipedia pages of):
Tutte polynomial for graphs, Tutte plane
Gale transform
Matroid polytope
Localization of tope graphs of oriented matroids
Lexicographic extensions of oriented matroids
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